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CONFORMAL FIELD THEORY, VERTEX OPERATOR ALGEBRA AND STOCHASTIC 
LOEWNER EVOLUTION IN ISING MODEL 

ALIZAHABI 


ABSTRACT. We review the algebraic and analytic aspects of the conformal field theory (CFT) and its relation 
to the stochastic Loewner evolution (SLE) in an example of the Ising model. We obtain the scaling limit of 
the correlation functions of Ising free fermions on an arbitrary simply connected two-dimensional domain D. 
Then, we study the analytic and algebraic aspects of the fermionic CFT on D, using the Fock space formalism of 
fields, and the Clifford vertex operator algebra (VOA). These constructions lead to the conformal field theory of 
the Fock space fields and the fermionic Fock space of states and their relations in case of the Ising free fermions. 
Furthermore, we investigate the conformal structure of the fermionic Fock space fields and the Clifford VOA, 
namely the operator product expansions, correlation functions and differential equations. Finally, by using the 
Clifford VOA and the fermionic CFT, we investigate a rigorous realization of the CFT/SLE correspondence 
in the Ising model. First, by studying the relation between the operator formalism in the Clifford VOA and 
the SLE martingale generators, we find an explicit Fock space for the SLE martingale generators. Second, we 
obtain a subset of the SLE martingale observables in terms of the correlation functions of fermionic Fock space 
fields which are constructed from the Clifford VOA. 


1. Introduction 

The Ising model was introduced and studied in 1925 by W. Lenz and E. Ising as a model describing fer- 
romagnets on lattice. The Ising model consists of spins <j a = ±1, on the vertices a of the lattice, interacting 
by short range neighborhood self-interactions as well as interactions with the external magnetic field B. In 
the case of B = 0, in contrast to the one-dimensional model, two-dimensional Ising model in 7? possesses 
a second order phase transition at critical inverse temperature (/3 = ^f), /3 C = i In (\/2 — 1), as shown in 
the pioneering works by Peierls, Kramers, Wannier and Onsager, [Pe36], [KrWa41], [Ons44] and [KaOn49]. 
At /3 = /3 C specific heat and magnetic susceptibility diverge to infinity and for (3 > (3 C spontaneous breaking 
of the symmetry leads to a nonzero magnetization. Moreover, due to infinite dimensional symmetry, many 
physical properties of the 2d Ising model such as free energy and spin correlations at B = 0 can be computed 
exactly. 

The transfer matrix formalism is one of the approaches toward the exact results in Ising model, [Ba08]. 
Specially the free fermion operators play an essential role in this formalism, [Kau49]. Moreover, the Fock 
space representations of the transfer matrix formalism and free fermions have been studied extensively, for a 
review see [Pal07]. In this paper, we study the connections between the discrete fermionic formalism of the 
Ising model and the rigorous aspects of a fermionic conformal field theory that describes the scaling limit of 
the model. 

There is a common belief that the scaling limit of the lattice models such as Ising model at criticality are 
described by a field theory with the conformal symmetry. However, it is known that the spin operator is 
not enough to describe the continuum limit of the theory. In fact, it is believed that the critical Ising model 
in the continuum limit is described by a conformal field theory, namely the theory of free fermionic fields. 
Roughly speaking, the fermionic field is identified with the scaling limit of the fermionic operator on the 
lattice. However, there were no exact proofs about the scaling limit of the Ising model free fermions and 
their correlation functions. Recently, the rigorous methods from discrete analysis and probability theory have 
provided exact proofs about the conformal invariance in the scaling limit of the Ising model at criticality, for 
a good review on general aspects of discrete holomorphicity see [Car09] and [DuSmll]. We have used 
these techniques to obtain the scaling limit of the correlation functions of Ising free fermions with specific 
boundary conditions. The continuum correlation functions are obtained from the scaling limit of the lattice 
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correlation functions, [HKZ12]. By means of these methods, we find a proof of the Pfaffian formula for the 
correlation functions of free fermionic fields, in the scaling limit. 

Moreover, a new rigorous formulation of the continuum Fock space of fields and their properties; CFTs 
on domains with boundaries in the case of Gaussian free fields is proposed in [KaMall], We have extended 
and adopted a similar - formulation to obtain a conformal field theory on bounded domains in the case of free 
fermion fields of the Ising model. In this approach, we have obtained the characteristic features of fermionic 
conformal field theory on a bounded domain such as transformation rules for fields and their correlation 
functions, the operator product expansion of fields, Virasoro algebra representation and the Ward identity. 

On the other hand, vertex operator algebra (VOA) provides a concrete mathematical language for CFT, 
[Ka98], The vertex operator algebra is an algebraic construction for conformal field theory in terms of formal 
power series. The general VOA has been adopted in different cases for different purposes such as VOA for 
bosonic and fermionic fields. In this paper we have used the Clifford VOA for fermionic fields which has the 
Clifford algebra symmetry in addition to Virasoro algebra symmetry. The Clifford VOA, as an equivalent 
algebraic formalism to fermionic conformal field theory, turns out to be useful in study of scaling limit of the 
Ising model at criticality. Specially, we have obtained the Fock space of fermionic states in terms of VOA 
vector space. 

From a different perspective. Stochastic Loewner evolution plays a crucial role in this picture. The SLE 
is a stochastic process that is defined by a stochastic differential equation, the Loewner equation with the 
Brownian motion as a driving force. In general, SLE curves explain the scaling limit of the interfaces of the 
statistical lattice models on domains with boundary, at critical temperature. Specially, it has been proved in 
[CDHKS12], that the scaling limit of the interfaces in 2d critical Ising model is described by a Schramm 
Loewner evolution, SLE :i . In SLE, the probability measures of the interface curves satisfy the conformal 
symmetry and the Markov property. These are physically expected conditions that the scaling limit of the 
interfaces should satisfy. 

In this paper we combine the approach of Clifford VOA and the Fock space of conformal fermionic fields 
in order to obtain a unified picture of a conformal field theory describing the scaling limit of the critical Ising 
model. To have a unified picture, we need a mapping between the Clifford VOA and correlation functions of 
the Fock space fields which satisfies the axioms that are reflecting the analytic and algebraic aspects of the 
underlying conformal symmetry in the scaling limit of Ising model at criticality. This has been done through 
the main theorem of this paper. 

Another aspect of this study refers to the well-known CFT/SLE correspondence, [BaBe06]. We employ 
the aforementioned framework of the VOA and Fock space fields approach to CFT, and their interrelations 
in order to concretely investigate an example of the CFT/SFE correspondence in the case of Ising model. We 
have obtained the results indicating a rigorous realization of the fermionic CFT ISLE 3 in terms of Clifford 
VOA and Fock space of fermionic conformal fields. The Clifford VOA provides a fermionic Fock space 
for the SLE:> martingale generators and furthermore, a large collection of SLE 3 martingale observables are 
explicitly written in terms of the correlation functions of the Fock space fields, i.e. corresponding fields to 
the states of the Clifford VOA. 

This paper is organized as follows. In section two, we review the transfer matrix formalism for Ising free 
fermions and we obtain the scaling limit of the lattice correlation functions by using discrete holomorphicity 
techniques. In section three, we study the fermionic CFT on an arbitrary bounded domain and operator 
product expansions, correlation functions and differential equations. In section four, the Clifford VOA is 
reviewed and its relation to fermionic CFT is studied. In section five, by using the results from sections three 
and four, the CFT/SFE correspondence is explicitly reviewed in the Ising model example. 

2. Fermionic theory of Ising model 

In this section we first explain the transfer matrix formalism which is an approach towards an exact 
solution of two-dimensional Ising model on a rectangle with specific boundary conditions. Our aim in this 
section is to define and compute the correlation functions of any operator. Then, we introduce the notion 
of free fermions in the Ising model and compute their correlation functions on the lattice. Eventually, by 
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using methods from discrete complex analysis, the scaling limit of the fermionic correlation functions on the 
rectangular lattice arc obtained. We will observe that these arc CFT correlation functions on the half-plane, 
in the Fock space construction of the free fermionic fields. 


2.1. Transfer matrix formalism. The Ising model on the domain A = { (j, i) € Z 2 \ \j\ < M, i\ < N}, 
consists of spins a a = ±1, on the vertices a of the lattice in the domain A. The model is parameterized by 
the inverse temperature (3 and nearest neighbor interaction coupling J between < a, a' >, i.e. the pairs of 
sites that are nearest neighbors. The Ising model is defined by its partition function. 


(2.1) 
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where the sum is over all spin configurations a in C\ = {±1} A , which satisfy the boundary conditions. For 
more convenience we set J = 1. 

As we mentioned, the transfer matrix formalism can be used to calculate the partition function and corre¬ 
lation functions of operators such as spin, energy etc. in planar Ising model on the rectangle with the specific 
boundary conditions. In order to calculate the partition function and correlation functions in transfer matrix 
formalism, the sums over all configurations in partition function and correlation functions arc divided into 
the multiple sums over the configurations of the rows, C,\ (row) = {±1} 2M+1 . 


Let us define the Hilbert space T~L = ®^ = _ M Ey, with basis e CT 


®f=-M 



, and the spin operator, 
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acting on H. The transfer matrix Vm ■ is a linear transformation on the Hilbert space, defined by 
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Vm = IE V) 2 , where V\ and V 2 arc horizontal and vertical parts of the transfer matrix defined as follows. 
The action of V\ and Vi on the basis of Hilbert space arc defined by 


M—1 


M 


(2.3) Vie* = exp j f3 ^ ZjVj+i J e*, V 2 e CT = ^ V 2 e p , (V 2 ) 
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where b G H, p, a G C \(row), pj,<Jj arc the row configurations evaluated at j-th column, (V 2 ) pC j is the 

b for | j| = M 
P for |j|/M' 

V 2 e p . 


matrix element of V 2 , and f3(j) = 
b oo; lirn^oo V 2 e a = 


r . We arc interested in the action of V 2 in the limit 


PiP±M=<z±M 

It has been obtained in proposition (1.1.1) in [Pal07], that the partition function (2.1), and correlation 
function of (Da = ELen he. a product of linear operators O, such as spin etc. in a subset A of the 
domain A, in the limit b —> oo, are given by 


z A =«g\v*v2rv*te N >, 


(2.4) 


< O a >a= 


< e A | V^V m Oa n . 1 VmO An _ 2 ...O a _ n+ 1 VmV^ 

Za 


2 m-iv 
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where (Da, denotes the restriction of 0 \ to the i-th row, and e± N is the Hilbert space representation of the 
±7V-th row configuration. We consider the lower equation in (2.4) as a definition of the correlation function. 
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2.2. Ising free fermions. The free fermions were introduced in 40's in order to compute the free energy of 
the Ising model. This is one of the powerful methods besides other methods such as combinatorial methods, 
that have led to the integrability paradigm in the Ising model, [Ba08]. 

In order to discuss the free fermions in Ising model we introduce a representation of the Clifford algebra 
in Ising model. Suppose that W is a finite-dimensional complex vector space with a nondegenerate complex 
bilinear form denoted by (•, •). A Clifford algebra Cliff (W) on the vector space W is defined as an associative 
algebra with unit e and set of generators in W satisfying ab + ba = (a, b)e. 

We define a complex vector space W' M , with orthonormal basis, Clifford algebra generators {^ 7 =. 4)§=}, as 
follows, 

(2.5) W' M — Spcin({pk\k € Im ~ u {<lk\k € Im + ^}) = Wm © (C P _ M _ 1 + ®<? M+ i )> 

where Im = {— M, —M + 1,..., M}. Moreover, we define a finite-dimensional, irreducible spin represen¬ 
tation of Clifford algebra Cliff (W' M ), so called Brauer-Weyl representation, with generators, 


(2.6) 


Pk = 



1 0 
0 -1 


, Qk = 





0 -i 
i 0 


Jfc-i 


acting on %. It can be easily checked that p k and q k satisfy the anti-commutation relations. 


(2.7) {p k ,pi} = 2S k i, {q k ,qi} = 25ki, {Pk,Ql} = 0. 

Then, the lattice fermion 'iff and anti-fermion iff, operators arc defined on the mid-points of horizontal edges 
of two-dimensional rectangular lattice, 

(2.8) ip k = A^(q k +p k ), = Aj(-q k + Pk), 

where Ay. and A,- arc normalization factors. 

The row-to-row propagation/time evolution of the fermions and their correlation functions in the transfer 
matrix analysis, and their relations to discrete holomorphicity arc studied in [HKZ12]. It has been shown 
in [HKZ12], that the transfer matrix can be written in terms of Clifford algebra generators pk and qk and 
thus the time evolution of the free fermions can be explicitly calculated via the conjugation by the transfer 
matrix. This conjugation is called induced rotation and it is denoted by T{Vm)- The induced rotation is 
a lineal - transformation, T(Vm) ■ W' M —»• W' M such that for all v € W' M , T(Vm)v = Vff'uVxf. The 
induced rotation preserves the bilinear form, (T( V^r)a, T( V\r )b) = (a, b) for a. b G W. Furthermore, the 
time(m)-dependent fermion at column k and row rn is defined by using the transfer matrix, as iffk + im) = 
VffffiffVff. Moreover, Eq. (2.4) can be used to define the normalized lattice correlation functions of 
fermion operators in the domain A with plus boundary conditions, i.e. plus spins on the boundary of A, 

(2.9) 

2n .. 2n 1 1 

< >a^ = < ++I n^( z *)l++ >> with\++ >= >, < ++| =< e^lVp’ V$, 

i— 1 i =1 

where Zi = k{ + im,;, Z =< + + | + + > is the partition function, and corresponds to a ±A r -th row 
configuration in which all the spins arc plus. It has been discussed in sections (1.3) and (4.2) in [Pal07], 
that the naive scaling limit of the transfer matrix formalism for the free fermions leads to the Dirac equation 
and at critical temperature, one can observe that the free fermions (anti-fermions) arc holomorphic (anti- 
holomorphic) functions. In next section, we explain a rigorous approach to derive the scaling limit of the 
lattice fermion correlation functions. 


2.3. Scaling limit of discrete holomorphic observables and correlation functions. The methods of dis¬ 
crete complex analysis and discrete holomorphic functions [Smi06], [SmilOa], [SmilOb], [ChSm09] [ChSml 1], 
[IkCa09] and [RaCa07] provide the possibility to perform the rigorous scaling limit of the s-holomorphic 
functions and parafermionic observables as well as other advantages. Thus, by using the relations between 
s-holomorphic functions and fermion correlation functions we can obtain the scaling limit of the correlation 
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functions, rigorously. The obtained results from this method coincide with the vacuum correlation functions 
of free fermions in conformal field theory. In fact, fermionic CFT describes the continuum limit of the free 
fermions of the Ising model, [McWu73] and [DMS96]. 

In an intuitive sense, the scaling limit of the fermion correlation functions in critical Ising model on a strip 
with lattice mesh size 5 is defined by taking first the semi-infinite volume limit N —>• oo and then taking the 
continuum limit, M — > oo, 6 —>• 0, while the width of the strip MS is kept fixed. For example, the scaling 

limit of boundary state | + + > is expected to behave like | + + > n jZZ? |q |q >, i.e. a CFT 

vacuum. 

The first step towards the rigorous scaling limit of the Ising free fermions on the lattice is to find the 
scaling limit of the lattice fermion correlation functions. This can be done via the specific functions, called 
s-holomorphic functions, 


( 2 . 10 ) 


*}M - 3 E 

T'SC ,n 


a 


^Wg-^fTzW) 


= j E 
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, L W p -|VV(7:z''**z) 


where Z = JY 7gC + is a partition function with plus boundary conditions, and the sum in fJ,(z) 

(F\ (z)) is over collections of dual edges in all graphical expansions 7 G C z n (7 G C z 4 ) consisting of loops 
and a path stars at z' upward (downward) and ends at z either from above or below, a c = e' 2 ^ c , L{ 7 ) is the 
total number of edges in the configuration 7 and W(z' z) is the winding number of directed path stalling 
at z' and ending at z. The points z, zJ arc midpoints of horizontal edges of the lattice. These functions arc 
called parafermionic observables of the Ising model. They arc solutions of the Riemann boundary value 
problem. For a general definition of Riemann boundary value problem see section (2) of [HKZ12]. Then we 
need to obtain the scaling limit of the above s-holomorphic functions. 

It has been shown that the scaling limit of the s-holomorphic functions which satisfies the Riemann bound¬ 
ary conditions exists and the convergence of the parafermionic observables as S —$■ 0 can be controlled by the 
methods of discrete complex and harmonic analysis, [HoSmlOb, Hon 10a]. The result of these studies can 


pt t z \ pt 

be summarized as follows, the functions ~ s - , z ' s - converge uniformly on compact subsets of D\ {z \ 

F^Az) t I 

to the unique holomorphic functions, lim^o ~f ) — = ff(z) and lirn^o z ' s - = ft, (z). These functions 
satisfy the following continuum Riemann boundary value problem. 


( 2 . 11 ) 


> A I 

ft(z) and ft(z) are holomorphic on rectangle \ {z'} 
< 2TTiR.es z=z rfl(z) = -1, 2TriRes z=z >ft(z) = 1 
for Z G drectangle j fji{z) || /z'( Z ) II 7 


where d rectang i e is the boundary of the rectangle and v z is the counter clock-wise tangent vector at point 
z on the boundary of the rectangle. To obtain the above statement, the Riemann boundary conditions arc 
considered and the residue calculations on the lattice arc performed by considering couple of combinatorial 
cases and using the fact that the contour integral of s-holomorphic function is zero. This Riemann boundary 
value problem determines a unique function on the rectangle which transforms conformally covariant under 
the conformal transformations between the rectangle and any other domains. The holomorphic functions on 
the half-plane which satisfy ( 2 . 11 ) can be obtained as 


( 2 . 12 ) 



— ( 1 + 1 ^ 

2 ir \z — z' z — z') 



— f -1 + 1 ^ 

2tt \z — z' z — z' J 


The scaling limit of the correlation functions of Ising fermions on the upper-half plane can be determined 
by using first, the relation between lattice fermionic correlation functions and parafermionic observables and 
second, the scaling limit of the parafermionic observables. The relations between fermionic correlation func¬ 
tions and parafermionic observables arc stated in Theorem (22) in [HKZ12], In slightly different notation 
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they arc as follows. 


< + + |V’0#(/)| + + > = 2 J$Z{Fl(z) - Fj,(z)), 

< ++ \tp{z)'ip{z')\ + + > = 2iA 1 pA^Z(F^,(z) + F^,(z)), 

(2.13) < + + \fi(z)fi(Z)\ + + > = 2AlZ(Fl(z)-F±(z)). 

By using the above relations and the convergence of the scaling limit of the parafermionic observables, 
Eq. (2.12), one can obtain the scaling limit of the lattice fermion correlation functions, 
lim^o | < + + \'ft{z)ft{z' )\ + + >, by transformation from the strip to the half-plane, as follows, 

(2.14) < z)ij}{z') >H= 2 A l z {fl; m (z) - 

With the choice of parameters, .4,/, = -±= (—i — 1), = A, P and Z = — ^, we have, 

(2.15) < ^{z)^(z') >H= ( - 3 , < fi(z)fi(z') >H= ( -3 = ) , < tp(z)fi(z') >H= ( _]_ ■ 

\ z z / \ z z j v z z j 

So far we have discussed only the rectangular domain but the parafermionic observables can be defined sim¬ 
ilarly in any square lattice domain [HoSmlOb]. However, we studied the scaling limit of the parafermionic 
observables on the rectangle at the critical point, ft = ft c . In general, a continuous domain D can be approx¬ 
imated with the discrete domain D$, as a subgraph of the square lattice <) r £ 2 , when the small lattice mesh 
size 6 tends to zero, <5—^0. 

To summarize, we observed that the scaling limit of the two-point correlation function of the Ising free 
fermions is equal to the two-point correlation function of the fermionic CFT. Thus, in the scaling limit, it 
would be natural to think of the Ising fermions as fermions of CFT. 

3. Fermionic conformal field theory on domain D 

In this part we study a two-dimensional fermionic boundary conformal field theory on domain D, i.e. a 
field theory which describes the scaling limit of the free fermions of Ising model on domains with boundaries. 
The goal of this paid is to construct a fermionic Fock space of fields and to study their properties, such as 
behavior of the correlation functions, operator product expansions and differential equations, which will be 
used in the CFT/SFE correspondence for the Ising model. We study the holomorphic paid of the theory and 
the anti-holomorphic paid is similar. 

Conformal transformations. In field theories which are relevant for studies about statistical mechanics, do¬ 
main conformal transformation h : D —>• D' is considered. Roughly speaking, the values of the fields 
on domain D, 'ft(z) for z € D conformally transform to values of the fields on domain If. r tft(h(z)) for 
h{z) € D'. Fermions in CFT arc defined by their transformation rule. By definition, the fermion field ft(z) 
is a conformal primary field of dimension 1/2 that satisfies 

(3.1) f(z) = h'(z)^f(h(z)), 

where h'(z ) is derivative of h(z) with respect to z. We will return to conformal transformation of the 
fermions when we will discuss the correlation functions on domain D. 

Fermionic Fock space of fields T. We defined the scaling limit of the Ising fermions, the free fermion fields 
fiz). Other fermionic fields, called descendant fields, arc Fock space fields in domain I) C C and they arc 
constructed by normally ordered product of derivatives of free fermion fields, e.g. : d 2 fi(z)dfi(z)fi(z) :. 

On the half-plane, a finite Fock space field Xk(z) =: d kn 'fi(z)d kn - 1 'fi(z)...d k2 ‘fi(z)d kl 'fi(z) :€ J r , for 
z € H, is defined by 
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(3.2) 


: d kn 'ip(z)d kn - 1 'ip(z)...d k2 'ip(z)d kl 'ip{z) := d kn 'ip(z)d kn - 1 'f(z)...d k2 f(z)d kl 'ip(z) 

±d k h d k n [ - - -]... d k d k ^ [ - - -1 

**i - z h z is - Z js 

: d kn ^(z)d kn ~^(z)...d k2 ^(z)d k ^(z) : (il .;. :/l . >) ). 

where m = 1, s, and the order of the limits is from right to left, d ki = and the subscript 

(*i, i, ...,j s ) means that the fields d k z f(z ),..., d kis i/j(z) and d kj iil)(w), ...,d k ^ip{w) are removed. 

We used the two-point correlation function of fermion on half-plane, Eq. (2.15) in the above definition. 
However, definition of a general Fock space field on domain D is more complicated and requires removing 
all the divergent parts on domain D. The transformation rules for general conformal Fock space fields arc 
more complicated than that of free fermion field, 

(3.3) X(z) = ti(z) Xx X(h{z)) + ..., 

where Xx is the conformal dimension of X and ... represents complicated function of higher order derivatives 
of h(z). We will see in section (3.1), an example of the transformation rule for a special field, called Virasoro 
field. 

The multiplication of the two general Fock space fields on half-plane can be obtained by using the Wick’s 
theorem, [DMS96], as follows, 

: d kn ip{z)d kn ~ 1 'il){z)...d k ‘ 2 'il){z)d kl 'il){z) :: d lrn f{w)d lm ~ 1 ip{w)...d l2 f{w)d ll f{w) := 

min(n,m) 

y j y (± < dz n i/j(z)dw 1 il;(w) >H ... < dz %s 'i/j(z)dlz s il;(w) > H 

s=0 i\<...<i a ,j\^...^j a 

(3.4) : d kn tl)(z)d kn - 1 'il)(z)...d k2 'il)(z)d kl 'il)(z)d lm 'il)(w)d lm ~ 1, ip(w)...d l2 'ip(w)d ll 'ip(w) 

where the contraction in the Wick’s formula is given by < d z ls ^(z)dw s ^(w) >e= d z ls dw [j~^\ f° r 

z, w € EL 


E ( 

— 1 11<...<%S 


3.0.1. Correlation functions. Using the discrete holomorphicity results, the two-point correlation functions 
of free fermion fields 'ip(z), on the half-plane, Eq. (2.15), arc obtained rigorously in section (2.3). In the 
scaling limit on the upper-half plane, by using the two-point correlation functions of fermions 'ip(z), any 
2n-point correlation function can be written in terms of two-point functions, via the Wick’s theorem, 


(3.5) 


< 1p(zi)...1p(z 2n ) >H= Pf({< i>{Zi)lp(zj) >h)!,”=i) = Pf 


Zj — Zn 


2 n 


i,3= 1 / 


where Pf is the Pfaffian. The Pfaftian of an anti-symmetric matrix A € C nxn is defined by 


Pf(A) 


2^1 Ep Sgn(p ) nil A P ( 2 i-i),p( 2 i) for n = 2k 
0 for n = 2k — 1 ’ 


where P is any permutation of {1,2,..., 2n} and Sgn ( P) is the sign of the permutation. This result can be 
proved by using the Pfaffian formula for the lattice fermion correlation function (section (4.4) in [HKZ12]) 
and then taking the scaling limit. 

We can obtain the two-point correlation functions in an arbitrary domain I) by using the fermion transfor¬ 
mation rule i/j(z) = g'(z) 2 f>(g(z)), under a conformal map g : D —>• H, 


(3-6) 

< f>(z)f>(z') >D = 


g'jz^gfzy 

g{z) -g(z') ’ 


< f>(z)f(z') >D = 


g'(z) 2 g'(z') 2 
g{z ) - g(z') ’ 


< 'i/j(z)'p(z') >d= 


g'{z) 2 g'(z') 2 
g{z) ~ g{z') 
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In the following, we find asymptotic results for the correlation functions of fermions on domain D by using 
the Laurent expansion of the function g(z) : I) —>• M and its derivative up to some fixed order. Up to a fixed 
order, one can check that 


[g(z)-g(w)\ 1 


_L_ ( , _ eg”{w) _ e 2 g"'(w) e 2 g" 2 {w) 

eg'(w) 2 g'{w ) 6 g'{w) 4 g ,2 (w) ’ 


(3.7) 


.1 ,, eg"(w) e 2 g"'(w) e 2 g" 2 (w). 


2 g'(w) ' 4 g'{w) 8 g ,2 (w) 

where e = z — w. These expansions lead to an asymptotic formula for the two-point function of fermions in 


the domain I), 


< 1 p(z)'l/)(w) > D = 


VV(X>yVM 

g{z) - g(w) 


1 


z — w 


+ (z - w) 


1 g"'(w) lV'H. 


12 g'(w) 8 g'(w ) 


Y + ■• 


(3.8) =< ^{z)^(w) > H + ^ Z 12 ^ S g (w) + ..., 

where S g {w) = — I ( g'(wj Y ' s l ' lc Schwarzian derivative of function g. By using the above results, 

the 2n-point coiTelation functions of free fermion fields 'ip(z) arc obtained. 


2 n 


(3.9) < JJV’fo) >d= p /((< > D )ij= i) = Pf 


i= 1 


Vg'(zi)\/g'{zj 
g(zi ) - g{zj) 


2 n 




By using the Pfaffian formula for the higher point correlation functions, we can observe that. 


(3.10) 


< 'ij;(zi)...'ip(z m ) >D~< il>{zi)...i>(z m ) >H, 


only holds for m < 4 and ~ means that the two sides have the same divergent terms in the limit z —* w. 

All the other correlation functions of fermionic Fock space fields, < Xi{z\)...X n (z n ) >d, can be ob¬ 
tained from the correlation functions of free fermion fields P'(z) by using the Wick’s theorem and taking the 
derivatives of the two-point fermion correlation functions. The correlation function of derivatives of fermion 
fields is simply given by 


(3.11) 


Qm. i Qni2n Qmi+...+rri2n 

< ( ~ ,mi )‘ l P(zi)---( g^m. 2 n )' t l’( z 2 n ) >D— Pf 


dz™ 


2 n 


dz^.-.dz. 


2 n 


y/9 , {zj)yjg > {zj 
g(zi) - g(zj) 


-\ 2 n 




Operator product expansions. The OPE between two Fock space fields is an expansion of the Wick’s formula 
on domain D, (see lectures (1) and (2) in [KaMall]), when the positions of two fields become close. Notice 
that, in general the OPE is domain dependent. Thus, OPE is an asymptotic expansion of X(z)Y(w) on 
domain D as z —>• w, 

(3.12) X(z)Y (■ w ) = ^2 Cn(w)(z — w) n \ as z —>• w, 

n€Z 

where the OPE coefficients C n , denoted by X * n Y, arc also Fock space fields, for further description see 
lecture (2) in [KaMall], We define an OPE product as X *Y where * 0 = *. Moreover, the singular paid of 
the OPE is defined by 

(3.13) X(z)Y(w) ~ Y t C n (w)(z - w) n . 

n< 0 

In the case of fermionic CFT, the formal OPE between free fermions is 

'tp(z)'tp(w) = ^ C n(w)(z - W) n , 

nEJj 

8 


(3.14) 



and this can be explicitly determined by means of Wick’s formula on domain 79, 

( 3 . 15 ) Mz^Mw) =< iip(z)i/j(w) >d +i>(z) © i>(w) = —-- 1 - ip(z) © ip(w) + reg(D), 

z — w 

where ip(z) © 'ip(tu) is called normal order product in domain D and reg(D) denotes the terms which do not 
diverge in the limit z —>• w. Thus, the singular paid of the OPE is given by the first term since the other terms 
vanish as z —> w and thus we have i p(z)'ip(w) ~ . 


3.1. Virasoro algebra representation of the CFT. The underlying algebraic structure of the CFT is Vira- 
soro algebra. In fact, fermionic conformal field theory is a representation of the Virasoro algebra and Clifford 
algebra. In this paid we review the Virasoro algebra and its representation for the Virasoro generators and 
Virasoro fields. For further descriptions see lecture (5) in [KaMal 1]. 

As a special example of the general definition of Fock space fields we define the fermionic Virasoro field. 
By using the definition of OPE product we define the Virasoro field, T(z) = —^'i/>(z) * dip(z). Thus, on the 
half-plane, the Virasoro field is 

(3.16) T(z) = “ : ip(z)d z -ip(z) := lim [~^( ip(z)d w 'ijj(w ) - d w (—-—))]. 

And on the domain D , 

T(z) = ~\^{z) 0 d z ip(z) = lim [-]- ('i/j(z)d w ip(w) - d w (<'ip(z)d w 'i/j(w) >d))\ 

Z w—yz Z 

(3.17) = lim [~(ip(z)d w ^(w) - d w (——))] - ^-rS g (z), 

W^z Z Z — W 24: 


where we used Eq. (3.8) to obtain the second line. Thus, the Virasoro field has the same divergent paid on 
the half-plane and domain D. 

Transformation rule for Virasoro field can be obtained by direct computation in Taylor expansion of the 
h(z), starting from the fermion transformation rule and definition of the Virasoro field, as follows, 

(3.18) T{z) = ti{zfT(h{z)) + ^rS h (z). 


The Virasoro field is called conformal quasi-primary field since it satisfies the above equation. 

By using the Wick’s formula and Taylor expansion, direct computations shows that the Virasoro field in a 
CFT with central charge c, satisfies the Virasoro operator product expansion on the half-plane. 


(3.19) 


T(z)T(w) 


c/2 


+ 


(z — w) 4 (z — w) 2 

The Virasoro operator is defined by. 


T(w) + 


(3.20) 


(z — w) 

Ln(z) = ^-(f (C - z) 1+n T(()d(. 
27T1 J(z) 


d w T(w). 


One can check that the Virasoro field OPE, Eq. (3.19) leads to the Virasoro algebra, 

(3.21) [L m , L n ] = (rn ?i)L m + n + ——Tn(rn l)<5 m _|_ ni 0; 

where c = 12// and // is the order of T as a Schwarzian form, which will be defined in the following. 

In order to obtain a Virasoro algebra representation in the space of all Fock space fields in domain 79, the 
action of Virasoro operator L n on Fock space fields such as X is defined as, 


(3.22) L n X = T 2 ) X. 

At the end of this section we describe the OPE between Virasoro field and primary fields. From the explicit 
form of the OPE of Virasoro field T and a primary field X, one can check that for n > — 1, [KaMal 1], 


(3.23) 


(L n X)(z) = (v n d z + X v’ n )X(z), 

9 



where v n (z) = (£ — z) 1+n , v' n is the derivative of v n with respect to 2 and A is the conformal dimension of 
X. And for n < —2 we have. 


(3.24) 


L r 


d~ n ~ 2 T 
{—n — 2 )! *’ 


A Fock space field X is called a primary field with the conformal dimension A if it satisfies, 


(3.25) L n X = 0, L 0 X = XX, L-\X = dX, 

for n > 1. For example, the free fermion field A is a primary field of conformal dimension 1/2 in CFT with 
central charge c = 1/2. Furthermore, a Schwarzian form Y of order /t in CFT with c = 12// is defined by, 

(3.26) L rn Y = 0, L 2 Y = 6 pi, L{Y = 0, L 0 Y = 2Y, L_\Y = dY, 

for rri > 3. For example, the fermionic Virasoro field T is a Schwarzian form of order 1/24 in CFT with 
central charge c = 1/2 and it is called quasi-primary field. 

In a conformal field theory with central charge c = .,/ A | (5 — 8A) and a primary field X with conformal 
dimension A, the Fock space field X s = (L _2 — 2 (2A+i) -^- 1 )-^ * s a ls° a primary field and is called singular 
vector at level two of the Virasoro algebra representation. The field X is called a primary field degenerate 
(non-degenerate) at level two if X s = 0 (X s / 0). Moreover, LqX s = (A + 2)X S . 

Free fermionic field theory of fermionic Fock space fields as a conformal field theory is a representation 
of the Virasoro algebra and Clifford algebra. Straightforward computation shows that in fermionic CFT with 
c = 1/2, the fermion field 'ip(z) with conformal dimension h = / is a primary field degenerate at level two, 

(3.27) (L_ 2 - \l\)^{z) = 0. 


Ward identity and null field differential equation. In this part, we continue our review on the standard results 
in CFT, such as Ward identity and null field differential equation. The Ward identity in H for the correlation 
functions of Gaussian free fields is obtained in [KaMall]. Similarly, for the fermionic fields we have, 


N 


1/2 


+ 


1 


d 


< l/j(w 1 )...f(w n ) >H • 


(3.28) <WW-+(*.)>' Z - Widwi _ 

Furthermore, by using T(z) = g'(z) 2 T(g(z)) + ^S g (z) and f>{z) = g\z) l / 2 f>(g(z)), one can obtain a 
Ward-1 ike identity on domain D, 


< T{z)’f{wi)..ff(w n ) >D= 


f N 

£ 


S'(2) 2 


A 


g'(z) 2 g'(wi ) d 


“ Y 2 {g(z) -g{wi)) 2 g(z)-g(wi) dwi\ 

Si mi lar to the computation of correlation functions on domain D , by using, 

1 


+ 7 ^-S 9 O) ) < 1 p(wi)...'lp(w n ) > D • 


[g(z) - g(w)}~ 2 = 


[g{z) - g{w)\ 1 = 


(3.29) 

one can obtain. 


_ eg"(w) _ e 2 g"'(w) 3 e 2 g' /2 (w) . 

g'(w) 3 g'{w) 4g ,2 (w) ' 

_ (1 _ tg"{w) _ e 2 g"'{w) e 2 g" 2 (w) 

eg'(w) 2 g'(w) 6g'(w) 4 g' 2 (w) ’ 

eg"H , e 2 g"\w) , e 2 g" 2 {w ), 


e 2g/2 

1 


g'(z) 2 = g'{w) 2 { 1 + 2^2 + 


+ 


g'(w) g'{w) g' 2 (w) 
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( 3 . 30 ) 


< T(z)ip(wi)...'ip(w n ) >D 


r V 2 1 A s " ® ^ , . 15'" 7 / 2 <9 35" 9 

(/J 7-72 3 -(q - 7 + 77—) + (z — Wi)(S g (w) — 77— + t(— j) )~e - 1 - 777— 

“Lw - z — Wi 2g' owi 9 6 g' 4 5 ' owi 2 g'owi 

1 1 d" 

+ (g 5 sH + 4^-)) < ^{wi)...^(w n ) >D • 

(3.31) 

It is known that all the correlation functions of descendant Fock space fields can be reduced to correlation 
functions of primary Fock space fields through the action of differential operators, [DMS96], 

N N 

(3.32) < ^/,(-fen-fcn-i-.-fc 2 ,-fci )(z)Y[ip(wi) >H= £_fc„...£_ fel < il>(z) > H , 

2=1 2=1 

where A~ kn ’- k n- 1 -~ k2 ’~ kl) ( Z ) = L_ kn L_ kn _ 1 ...L_ kl ^{z) = dw {w _] )n -i T{w){L_ kn _ l ...L_ kl ^{z)) 

and C- n is defined by, 

(3-33) £_ n = Y ( - 7 - l —^d Wi 

“ l 2 (in* - z) n (Wi - z) n 1 

The correlation functions including more than one descendant fields can be explicitly calculated similarly. 
This means that any correlation function of descendant fields can be reduced to the correlation functions of 
primary fields. We will use this observation later. 

Using Eq. (3.27), one can insert the relation L_ 2 ^{z) = \L 2 _^p(z) = T * ip(z) i n the Ward identity 
(3.28) to obtain the null field differential equation on the half-plane HI, 


(3.34) 


3 d 2 

4 dz 2 


J2( 1/2 

^ \(z — Wi)‘ 


+ 


1 


d 


z — Wj dwi 


< d>(z)i>(wi)...'lp{w n ) >H= 0. 


Since fermion field and Virasoro field have the same divergent paid on half-plane and domain D, we expect 
that the OPE on the domain D is the same as OPE on half-plane. Moreover, by simple calculations using the 
definition of the Virasoro field Eq. (3.17), Wick’s formula on domain D, Eq. (3.15), and Taylor expansion, 
the OPE of fermion fields and Virasoro fields for z,w € D can be obtained, 

I 1 

reg{D), 

Id 


(3.35) 

(3.36) 


(3.37) 


T(z)i/j(w) 


T(z)T(w) 


1 p(z)lp(w 

1/2 


D ( z ~ w ) 2 

1/4 


i>(w) + 


z — w 

1 


z — w 


dwd>(w) + -d z w i>{w) + reg(D), 


+ 


jT(w) + 


1 


-d w T(w) + reg(D). 


I D (z — w ) 4 (z — w) 2 ^^' ' (z — w)' 

Thus, by comparing the above results and the known CFT results about the OPE on the half plane we observe 
that the OPE singular parts of fermion and Virasoro fields are domain independent. 


(3.38) ip(z)ip(z') 


d>{z)d>{z'] 


D 


, T( z )^z': 


H 


t( Z )^(z': 


D 


, T(z)T(z') 


H 


T(z)T(z'] 


D 


Consequently, by using the above OPE results, the singular parts of the correlation functions of an arbitrary 
operator O, fermion fields and Virasoro fields on domain D are given by, 

<o> D 


(3.39) 


< d>{z)ll}{w)0 >D = 


11 


(z — w ) 


reg(D), 



(3.40) 

(3.41) 


1/2 <ib(w)0>D < d w i/j(w)0 >d 3 . o 

< T{z)ij}{w)0 > D = - - -72-1-t- 7 < dl,ip(w)0 > D +reg(D), 

(z — w) z z — w 4 


^ ^ 1/4 2 <T(w)0 > D < d w T(w)0 > D 

< T(z)T(w)0 > D = ———r +--—-T 5 -+-7- —-+ reg(D). 


(z — w ) 4 (z — w ) 2 


(z — w) 


4. Fermionic vertex operator algebra and its relation to CFT 

In this section, the vertex operator algebra and conformal field theory of the Ising free fermions arc studied. 
The Fock space of fermionic states and fields arc constructed in explicit forms and furthermore, the relation 
between them is investigated. 

4.1. Clifford vertex operator algebra. In this paid, the basic definitions of fermionic vertex operator alge¬ 
bra (FVOA) which is a rigorous algebraic approach to fermionic CFT is reviewed. The FVOA was introduced 
by R. Borcherds in order to provide a rigorous mathematical definition of the chiral algebra, the symmetry of 
the two-dimensional CFT and its features such as operator product expansion [Bo86]. We staid with defini¬ 
tion of axioms of the fermionic conformal vertex operator algebra, i.e. a conformal VOA which has Clifford 
algebra symmetry [Ka98], [Ga06] and [Scht08]. The Clifford VOA leads to the Fock space of fermionic 
states and their corresponding fields in the Ising model. 

The Fock space of fermionic states is defined as a graded vector space V = 0 ( / = _ oc V n consisting of 
vacuum state 1 £ f and other states which arc generated from the vacuum state and we denote them by 
small letter such as a, 6,... € V. 

Fermionic vertex operator algebra. A quadruple (V, Y, d, 1) is called vertex algebra if for all a € V there 
exists a mapping Y : V —t End(V) [[z, 2 ! -1 ]], Y(a,z) = Jf neZ+ i a n z ~ n ~2 := a(z ) satisfying the 
following axioms: 

• Vacuum: Y (1, z) = ly is the identity; 

• State-operator correspondence: 

(4.1) Y (a, z)l| z =o = a, =t> a n 1 = 0 for n > 0 and a_ 1 1 = a; 

2 

• Translation: 

(4.2) [T, Y (a, z)\ = d z Y (a, z), [T, a„] = (-n + ^)a n _i; 

where T G End{V) is defined by T(a) = a_si. 

2 

• Locality: (z — w) N {Y(a, z),Y(b, in)} = 0 for some large N; 

• Regularity: There is an M such that a n b = 0, for all n > M ; 

In the following we review some results in VOA from [Ka98], which will be used later. 

Normal order product in VOA. [Ka98] (Theorem 2.3) Let us introduce the following notations, 

(4.3) a(z)- = y^anZ-n-Y a(z) + = ya n z~ n ~Y 

n>0 n<0 

Then, the normal order product of two fields is defined by, 

(4.4) : a{z)b(w ) := a{z) + b(w) — b(w)a(z)- = a(z)b(w) — {a(z )_, b(w)}. 

The normal order product of more than two fields is defined inductively from right to left as follows, 

: a 1 (z)a 2 (z)...a N (z) :=: a 1 (z)... : a N ~ 1 (z)a N (z) : ... :. 

Furthermore, as we have seen in the locality axiom of the VOA, two fields a(z) and b(z) arc called 
mutually local if they satisfy (z — w) N {a(z ), b{w) } = 0 for N V> 0. 

12 



OPE theorem in VOA. [Ka98] (Theorem 2.3) It has been shown that the operator product expansion (OPE) 
of two mutually local fields a(z) and b(w) in VOA is given by, 

N-l , , 

(4.5) a(z)b(w) = Y 77Z~)j+ 1 + : a ( z ) b ( w ) ■, 

where Cj (w) £ End(V) [[u;, w ~ 1 ]]. In fact, it has been proved that above OPE product is equivalent to the 
locality axiom for the a(z) and b(w) fields. Moreover, the singular paid of the OPE is often written as. 


a(z)b(w ) ~ 


N -1 


E 


Cj(w) 

(z - wy +i ' 


And, the j -th product a(w) 

a(z)b(w ) 

(4.6) a(z)b(w ) 


*j b(w) of OPE a(z)b(w) is defined as follows, 




x ^ a(w) *j b(w) 

N-l 

- v 

(z — w)i +1 
jez v ' 

3=0 

•s~\ a(w) *j b(w) 


+ 

3 

1 

o 

41 



a(w) *j b(w) 
(z - w)J +1 


a(z)b(w ) 


The Wick’s theorem in VOA. [Ka98] (Theorem 3.3) Let a 1 (z )...., a n (z) and b l (z )...., b m (z) be two collec¬ 
tions of fields such that the following properties hold: 

1) {{a 1 (z)-, (w)}, c k (z)} = 0 for all i,j, k, and c = a or b. 

2) {a*(z)±, bi(w)±} = 0 for all i, j. 

let < a l lP >:= {a'{z)-. IP iw)} denotes the contraction of a'{z) and IP {w). Then the following equality 
holds in the domain \z\ > |w>|: 

: a 1 {z)...a n {z) :: b\w)...b m {w) : = 


(4.7) 

min(n,m) 

E E (± < >: aHz)-a n (z)b'(w)...b m (w) : ((l . 

s 0 


where the sign ± is obtained by the rule that each permutation of the adjacent odd fields changes the sign 
and subscript (i\, ji,..., j s ) means that the fields a* 1 (z),a ls (z) and V 1 (w), ...,IP S (w) are removed. 


Clifford vertex operator algebra. The Clifford vertex operator algebra is a vector space V consisting of 
fermionic states including the vacuum state |0 >= 1, and fermionic vertex operator, 

(4.8) Y (V’_i |0 >, z) = V t\) n z~ n ~^ := ip(z), 

2 z — J 

neZ+i 

as an odd formal power series with operator modes \p n = 2^1 $(o) C n ~^ x l ; {z)dC € EndiV), satisfying 
Clifford algebra, 

(4.9) {V’mV’m} = Sn+mfl, forn,m eZ + 

The operator modes 0 n arc generators of the Fermionic Fock space, V. They act on V as a linear operator 

such that for any v £ V, we have, E n v = 0, for n> 0 and ip n | 0 >= 0, for n > 0, and by starting from the 

vacuum state one can generate basis elements of the fermionic Fock space, e.g. 10 >=0_i|O >=■0(0)10 >. 

2 
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Reconstruction theorem for fermion fields. [Ka98] (Theorem 4.5) As we mentioned, the fermionic Fock 
space is the vector space V including an even vector, the vacuum |0 >€ V, and it satisfies the following 
properties: i) for the fermion fields f(z) we have [T,ip(z)\ = d'ifj(z), ii) T|0 >= 0 and iii) vectors of the 
following form, 

(4.10) >, fork* > - >k 2 >k i > 0, 

span V. Then, by reconstruction theorem, for any state in V, there is a corresponding field or a vertex 
operator of the following form, 

( 4 - 11 ) 

>,z) =: (. d kn 'fi(z)){d kn - 1 'ip(z))...{d k 2 'fi(z)){d kl ip(z )) : . 

This defines a unique structure of a vertex algebra on V such that 10 > is the vacuum vector, T is the 

infinitesimal translation operator and Y ('(/;_ 110 >, z) = 'ip(z). 

2 


Conformal vertex algebra for free fermions. [Ka98] (Theorem 4.10) A conformal vector u 6 V is an even 
vector such that the corresponding vertex operator Y(u, z) = L(z) = Yln&z £ nZ~ n ~ 2 , as an even formal 
power series, is a Virasoro field of the central charge c with the following properties, 


(4.12) 


L_i = T, and Lq is diagonalizable on V. 


Thus translation axiom of VOA implies that [L_i, ip(z)\ = d z 'ijj(z). The vertex algebra (V, Y, 8 , 1) is called 
conformal vertex algebra if it has a conformal vector u £ V 2 . According to the Theorem (4.10) in [Ka98], 
Y (u. z) is a Virasoro field with central charge c if, 

(4.13) L_i = T, L 2 u = — 10 >, L n v = 0 for n > 2, Lqu = 2v. 

Moreover, u C V 2 is conformal vector if it satisfies the above properties and the property that Lq is diago¬ 
nalizable on V. 

In the fermionic case, v = 1 10 > is a conformal vector and the Virasoro vertex operator is given 

z 2 2 

by, 

(4.14) Y ^- 1° >,z ' ) = '■ d H z )^ z ) '■ = L ( z ) = ^2 L m z~ m ~ 2 , 

m£Z 


where the modes are given by L rn = ^ 0 . ((' n+ l L(z)dQ. The conformal vector u = 1 10 > and 

the Virasoro field Y{\ip_3fi>_i\0 >, z). as an even formal power series, satisfy all the conditions for the 
conformal vertex algebra with c = 1/2. The explicit form of the Virasoro operator L m for fermions that 
satisfies the VOA axioms, in the Sugawara construction for fermionic VOA, can be obtained by using Eqs. 
(4.8) and (4.14), as follows, 


(4.15) 


where the normal order is 




r) ^ ^ {k T 2 ) : ' l l’m+k' l P—k ■ 


(4.16) 




'fin'fim ■ = 


n < m 
'0mV’n n > m 


Straightforward computations shows that the explicit form of the fermionic Virasoro operator (4.15) satisfies 
the following commutation relations. 


[L m , V’n] = + n)fi m+n , [L m , L n ] = (m - n)L m+n + ^m(?n 2 - l)5 m+n ,o- 

14 


(4.17) 



Fermion fields satisfy the conditions of the Wick’s theorem and they arc mutually local fields. Thus, the 
Wick’s theorem and the Taylor expansion can be used to obtain the OPE between L(z )’s and U('t/;)’s, 


(4.18) 


^{z)^{w) 
L(z)L(w ) 
L(z)f>(w) 


1 


z — w 

1 I 


r-u - 


+ 


2 L(w) dL(w ) 


+ 


4 (z — w ) 4 (z — w ) 2 (z — w)’ 

1 f>{w) 


d w j’(w) 
2 (z — w ) 2 ' z — w 


+ 


The commutation relations (4.17) are equivalent to above OPE’s. 

A fermionic singular state at level two is defined as an state |£ > which satisfies, 


(4.19) 


L 0 |C >= (c + 2)|C >, L n |C >= 0, for > 0. 


Using the left commutation relation in (4.17), a fermionic singular state at level two can be constructed from 

the state r f_ 1 10 > as follows, 

2 

(4-20) |C>=(T-2 + ^ 1 )^„i|0>, ToIO^IO. 

By using the fermionic representation of L m in Eq. (4.15) and the left hand commutation relation in (4.17), 
one can check that |£ >= 0. In the following, we connect the VOA construction to the fermionic Fock space 
of fields. 


4.2. Fermionic correlation functions and fermionic Fock space of states. In previous sections, the con¬ 
struction of the Fock space of fields F. and the Fock space of states, V in the context of VOA arc reviewed. 
In order to connect the Fock space V to the Fock space F, we introduce a map x satisfying the following 
properties. 


(F V) theorem. There exists a unique collection of maps, X( Z1 z l ® <8> v n) '■ V® n —> C, for 

z\..... z n G D, such that following properties arc satisfied, 

1) 


2 ) 




V9'(zi)y/g'(zj 

a{zi) -a(zj) 






L-m 


0 Vn) = 0 Vn )> 


3) 


* 


(D) 

Zi,...,Z n ) 


(Ul <8> ••• <8> <8> v m+ i <8>... <8> v n ) 


r^j 


(4.21) 


N—l 

E 

j =o 


1 


(^m ^m+1 


(D) 


(vi <8>... <8 v m *j v m+1 <8> ... <8> v n ), 


where v rn *j v m +i is the j-th OPE of the vectors v rn and v m+ \ and z m is removed. 
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v„) for an even n as the 


Proof. To each vector v r € V, there is an associated Fock space field X, ( z,; ) € T and a vertex operator 
Y(vi,Zi), then we define the mapping ..., Zn )( Vl ® ® v m <8> u m +i <8> ... <8 

correlation function of Fock space fields, 

(4.22) ..., Zn )( v i ® ••• ® ^n) :=< Xi(zi)...X n (z n ) > D • 

Then, the first axiom follows immediately. 


(4.23) 


x\zi,..,Zn)^ 0 ® =< V’(-l)-V’On) >D= Pf 


g(zi) - g(zj) 


- 1 *>J=ly 


By definition, any vector L_\Vk, is associated to L_ i Xif z}-) and we have L_ i Xfjzk) = d Zk Xj.{zk). Thus, 
we obtain the second axiom, 

X<£,..,zn)( Vl ® •" ® ® ••• ® v„) = < Xi(zi)...L_iX fe (2; fe )...X n (2; n ) > D 

= ^ z k ^ -^-1 (-^l) •••-^71(^71) >D 


(4.24) 




(X m *j Xm+1 ){Zm+l) 


x m (z m )x m+1 ( Zm+1 ) ~ v ^7 J 77 

•_ n (An An+lF 


To prove the third axiom, first let us write the OPE between two Fock space fields, 

JV-l 

(4.25) 

3=0 

Then multiply both sides of the above equation by Xi(zi)...X m -i(z m -i) and X rn+ 2(z m+ 2 ).,.X n (z n ) from 
left and right, respectively and put them in the correlation function in domain D as follows, 

< Xfa). ..X m —1 (yZrn—l )x m ( 

Zm )x m+1 ( An-fl)X m _|_2 (An+ 2)---X n ( Z n ) >2)~ 


(4.26) 

N -1 


E 

3= 0 


(An An+l)" ,_ ^ 


< X\(yZ\) ...X m —\(yZ 

m— l)(X m *j X m+ i)(z m +i)X m+ 2(Zm+2) — X n (z n ) >2? . 


By definition the upper side of the above equation is z ^ (v] X ih X ... X v n ). In order to show that, 

< Xi(^l)— X m —i (z m —l){X m *j X m ,+i)(z m -\-l)X m -\-2(Zm+2) — X n (z n ) >D = 


(4.27) x\ z ’ t ... timtZm+u ... tZn) {vi X ... <8> v m *j v m+1 X ... <8> v n ), 

we need to show that the coiTesponding field to the state v rn *j v m+ \ is ( X rn *j X m+ \ )(z rn+ \). But notice 
that v rn *j v rn+ 1 is the state in the j-th product in the OPE of Y(v rn . z m )Y(v m + 1 , z m+ \) in VOA, 


(4.28) 


JV-l 

E {Vmi An)E (lAi-fl) An+l) ~ 7 ^ 

3=0 


(E ( v m ) *j E('u m _|.i))(An+i) 
(z-m z m+ 1 y +i 


N -1 

E 


3=0 


X (v m * j ^m+11 Zm-\- 1) 
(^m z m+ i)f +1 


Thus we need to show that the OPE in VOA and T arc equal. On the half-plane, one can see that the 
definition of the Fock space fields (3.2), and Wick’s formula (3.4) arc the same as definition of fermionic 
vertex operator in reconstruction theorem (4.11), and Wick’s formula in VOA (4.7), for a l (z) = d k, X(z) and 
V{z) = d lj X(z). Thus, the proof of equivalence between the OPE in VOA and OPE in T is straightforward. 
However, for domain D, from the correspondence between explicit constructions in VOA and Fock space 
of fields, one could expect the equivalence between the OPE in VOA and OPE in T but the actual proof 
remains for future. 

This theorem provides a mathematically rigorous approach to the Fock space of the fermionic fields and 
their correlation functions from the FVOA. Moreover, we will see in section (5) that the theorem provides us 
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with a rigorous realization of fermionic CFT/SLE 3 correspondence at the level of correlation functions and 
SLE martingale observables. 


5. Fermionic CFT/SLE 3 correspondence 


In this section we introduce a rigorous approach to CFT/SEE correspondence, namely the VOA/SEE 
correspondence. We demonstrate this correspondence in an explicit example, the FVOA/.S’L /vj. We describe 
the relation between SEE and the scaling limit of statistical lattice model, in a concrete example of the Ising 
model. We provide an explicit realization of the CFT/SLE correspondence in the Ising model, first by 
using the explicit Fock space of fermionic states and its relation to the martingale generators in the case 
of chordal SLE 3 . And second, by using the correlation functions of fermions on the upper-half plane and 
their differential equations. Ward identity and null field differential equation, we show that the correlation 
functions of fermionic Fock space fields on domain D produce chordal n — SLE 3 martingale observables. 

Stochastic Loewner evolution is a conformally invariant stochastic process satisfying domain Markov 
property and domain conformal invariance, introduced in [SchOO]. For further details see [La08]. Let us 
briefly describe the simplest case of chordal SLE curves in domain ( D,a,b ). The chordal SLE K , with 
k > 0 is conformally invariant random curve processes in domain D from a to b, two boundary points. It 
is described by the Loewner equation with a one-dimensional Brownian motion B t as a driving force. Let 
gt(z) for z € D and t < t z € (0, 00 ] be the solution of the following equation. 


dgt(z) = 2 

dt Qt(z) — y/UBt ’ 


Bo = 0 , 


where go : ( D,a,b ) —> (H, 0, 00) is a conformal map. Then, the function hiiz) := gt(z) — yfn,B t for all 
t is a conformal map, hi(z) : D t —* H from domain D t := {z G D : t < t z } onto H, where hi (z) at 
t = t z maps the tip of the curve to zero; lini/^^ ht(z) = 0. The chordal SLE K curve 7 is defined by 
7(f) := lim z _*. 0 ffi -1 (z + y/nB t ). 


Fermionic realization of CFT/SLE in Ising model. The relation between CFT and SLE have been studied 
from different perspectives, for reviews on the subject see [BaBe06], [Car05], [Gr06] and [Kon03], In one 
perspective, the relation between the interfaces in the scaling limit of critical lattice models and the field 
theory describing that limit is a natural question to study. The interfaces arc classified by chordal SLE curves 
which arc characterized by a parameter n. Moreover, the scaling limits of critical lattice models arc usually 
described by conformal field theories which arc characterized by a central charge c. This classifying number, 
determines the universality class of the scaling limit of the different lattice models such as Ising model. 

In general, a CFT corresponds to a chordal SLE if the parameters of CFT, c and h, and the parameter of 
chordal SLE, k satisfy. 


(5.1) 


c K 


(3 k — 8 ) (6 — k) 

2 K 


h 


6 — K 
2 K 


In our example the values of parameters, c = h = -7 and n = 3, satisfy the above equations. 

Although, there is a common belief that a CFT with c = | such as rn = 3 minimal model describes 
the scaling limit of the critical Ising model [DMS96] (chapter 12), but there were no systematic approach 
proposed to CFT based on probability theory until recently. We study towards an algebraic construction of a 
conformal quantum field theory of free fermions for Ising model based on probability theory, SLE. In fact, 
in the Ising model example, we apply SLE 3 and FVOA to construct and study fermionic CFT of the scaling 
limit of the Ising model, rigorously. 

On the one hand, we studied the rigorous scaling limit of Ising model and its fermionic correlation func¬ 
tions which lead to a fermionic conformal field theory. As we have seen in previous chapter, this is composed 
of algebraic Fock space of states, local Fock space fields, their correlation functions and differential equa¬ 
tions. On the other hand, SLE : > curves and observables appeal - in the scaling limit of the Ising model at 
criticality. In this section, we study the relation between these two distinct scaling limit of Ising model in 
different aspects. 
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First, we study the algebraic operator formalism of fermionic Fock space of fields and states in CFT 
and VOA and its relation to martingale generators of SLE.>. Second, we explain how a certain fermionic 
observable of 2 d critical Ising model, which is obtained from the scaling limit of Ising fermion correlation 
functions, is related to a martingale observable of SLE 3 . 

The first explicit realization of fermionic CFT/SLE 3 in the case of Ising model is the explicit form of 
the boundary conditions changing (B.C.C.) operator, the Ising fermion field ip(z), that is obtained from the 
scaling limit of the Ising lattice fermion operator. This is an operator that changes the boundary conditions 
on the lattice row configurations from minus (plus) to plus (minus) at the insertion point. As we have shown 

in previous section, the state 1 10 > is a primary state and degenerate at level two. Therefore, this state can 

2 

be considered as an explicit B.C.C. state for the chordal SLE 3 curve. In fact, the field ip(z) is a boundary 
operator, inserted in a boundary point z, the starting point of the SLE 3 curve. 

5.1. SLE 3 and interfaces in Ising model. SLE has been used widely in the study of lattice models such 
as Ising model, percolation, etc. The scaling limit of lattice model interfaces at criticality is described by 
the SLE curves. Let us start with an intuitive picture of how the SLE curve emerges in the Ising model. A 
chordal SLE 3 curve appeal's as the scaling limit of discrete interface or boundary between two boundary 
points where the boundary conditions change. The interface separates two clusters of plus and minus spins 
in the Ising model. The claim is that in the scaling limit, the interface converges to the chordal SLE 3 
curve. The convergence of the interfaces in the Ising model to the SLE : > curves has been proved recently in 
[CDHKS12], 

The probability measure of the spin configurations in the Ising model induces a probability measure on 
the interfaces, in the following sense. Consider a domain D in complex plane with two boundary points 
a, b. Approximate the domain and boundary points by square lattice domain D n = ^Z 2 flfi and a n , b n , 
respectively, and define a probability measure on interfaces in this domain, P n (D n , a n . b n ). In the limit 
n —>• 00 , P n converges to //( I), a , b) which is the law of chordal SLE :i in the domain D from a to b. This 
procedure can be easily generalized for the the case of several interfaces. 

Let us consider the general case of chordal n-SLE 3, where there are 2 n starting points and arbitrary 
number of bulk points. The general picture of the chordal n-SLE:> consists of several interface curves, 
growing by Loewner chain, a collection of g t , with random driving force, which connect the boundary points 
in the critical Ising model. Moreover, in order to define a chordal n-SLE 3 we have to write down the 
Loewner equation in El with explicit conditions. By using a hydrodynamically normalized conformal map 
gt, we can uniformize the complement of the several SLE : > curves, labeled by integer i with the starting 
point X ,. This conformal map satisfies the Loewner equation, 

dgt(z) 

(5-2) g 0 (z) 

where v\ is the growth speed of z-th curve which can be set to v\ = 1 and Xj are the images of the tips of 
the curves under the map g t . 

In order to define a martingale observable from the fermionic correlation functions for chordal n-SLE 3 
we claim that X] should satisfy, 

(5.3) dX\ = v/3i dB\ + 2>{d Xi log Z^_ SLEa )dt + ^ — -— j, 

ifr Xt Xt 

where dB) are 2 n independent Brownian motions, Z^_ SLEa is called the SLE% partition function which 
will be defined in the following section and initial conditions are Xq = 2Q, and they are ordered as X\ < 
X 2 < ... < X 2n . Our claim will be proved in section (5.3). 
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SLE 3 partition function. In the simplest case, a partition function of the chordal SLE 3 on the domain D 
with two boundary points a. b £ 3D is defined in terms of the two-point fermionic correlation function, 

(5-4) z s L e 3 = Xa,b (V> ® V’) =< 

In the case of chordal n-SLE 3 the partition function is given by the correlation functions of fermions on 
domain I) and it has the Pfafffian structure. 


2 n 


(5.5) Z°_ SLEs = Xxu...^ 2 n^ 0 ■■■ 0 =< n^) >D= p f 


2=1 


cp(xi) - tp(Xj) 


1 2 n 


J ij=l/ 


where operators f’s arc inserted at boundary points, x \ ,..., xi n £ I) at B.C.C. points and tp : D —» El is a 
conformal map. It can be checked that the chordal n-SLE 3 partition function on the half-plane, Z^_ SLEi 
as a CFT correlation function of fermion fields with Pfaffian form satisfies the homogeneity and scaling 
equations. 


(5-6) 


JET Z n-SLE 3 - °> 


_d_ 

dxi 


+ ^) Zn - SLE 3 ~ °> 


EG 8 


+ x i) Z n-SLE 3 ~ 0 ) 


dxi 


and the null field differential equation. 


(5.7) 


3 d 2 

4 dx\ 


+ E 


i d 

Xi - x t dxi 


1/2 

(Xl - Xi ) 2 


yW 

^n-SLE 3 


= 0 , 


for i = 1,..., 2 n. As it will be explained in the following section, this partition function can be used to define 
the local martingales in chordal n-SLE 3 . 


5.2. SLE 3 Martingale generators and fermionic Fock space of states. In this section we study the 
fermionic Fock space of states of the chordal SL E : > curves. By using the Clifford VOA, we want to construct 
explicitly the Fock space of states of chordal SLE 3 curves, or the chordal SLE : > martingale generators, in 
domain H t := H \ 'y[0, t]. 

Let us review construction of the operator formalism in SLE. It is known that, to any formal power series 
in particular function / G z + C[[z -1 ]] of the form f(z) = z + Ylm <-1 fmZ 1+m , one can associate an 
operator Cj, 

OO 

(5.8) G f =l[u(mx-) d , 

d= 0 

where the algebra U{ tht_) is a completion of the universal enveloping algebra 7Y(tht_) = @/Lo(7(mx_-),/ 
of the Virasoro subalgebra tht_ generated by L n (n < 0), [BaBe04], 

As we observed, the explicit fermionic Fock space of states V is constructed from the Clifford VOA 
in section (4.1) and V consists of basis vectors of the form >. The 

space of fermionic descendant states A4, and space of descendant Fock space fields A A, can be constructed by 

the action of Virasoro generators on the state \ f> >= |0 > and its corresponding field f(z), as follows, 

2 

(5.9) M = U{ mr_)|V> >C V, Af = W(oit_)^(z) C T. 

Let us define the intertwining operator G} lt . This is an operator, associated to the conformal map h t = 
g t — v/3 B t where g t : H t —>• H, between domains HI and H t . By using the intertwining operator G'/ t) , we can 
construct the SLE 3 martingale generators and their Fock space in the domain Ht. The Fock space of SLE 3 
curves and the Fock space of fields in //, are obtained from the corresponding Fock spaces in HI by means 
of the action of the transformation operator, Gh t \ip >, and GyJ , tl;(z)Gh l , as follows, 

(5.10) M t = G ht U(f\x)\f >, Af t = G^(U{mt)f(z))G ht , 
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where the elements of M. t arc of the form Gh t ip_ kn iip_ k 1 ■■■'ip_ k 2 _iip_ kl _i |0 >, and the elements of 
A ft have the following form, G ^ : (d kn ip(z))(d kn ~ 1 'iJj(z))...(d k 2 ip(z))(d kl 'iJj(z)) : Gh t ■ Using the grading 

of V = @ /)G i N Vh, for Mh we can explicitly write the vector valued graded martingale generators M ^ of the 
chordal SLE 3 as follows, 

(5-11) }-G ht \^>= ]T M h eV, 

he I IN 

where Z is the chordal SLE 3 partition function on the half plane and in fact Z =< U(oc)p(0) >h= 1, and 
V = Il/te Iin is the completion of V. 

As we observed in Eq. (4.20), the state \ip >€ V is a primary state degenerate at level two with singular 
descendant state at level two, (L _2 + |L 2 _ 1 )\ip >= 0. Using that, it can be shown that the state 6 '/ u jU > is 
a local martingale of chordal SLE%, which means that < v\ 6 '/,, |p > is conserved in mean for any < n|, 

(5-12) E[< v\G ht W > |{G h J u < s ] =< v\G hs W >, 

for t > s. 

In order to prove the local martingale property for 67 ,, \ip >, we need to show that the drift term in Ito 
derivative of this state vanishes. Since Gh t is an intertwining operator corresponding to the conformal map 
ht, it satisfies the Ito differential equation, see section (5.3.3) in [BaBe06], 

(5.13) G-\lG ht = dt(-2L _ 2 + h 2 _ k ) - dC t L_i. 

Then, if we apply both sides of above equation to the state \ip > and use the level two singular vector equation 
then we obtain, 

(5.14) dG ht \ip >= G ht L_i\ip > d£t- 

The above equation makes perfect sense in V and shows that the drift term in the Ito derivative vanishes and 
thus Gh t \ip > is a local martingale of chordal SLE : >. 

Since that is a local martingale, all the fermionic correlation functions of CFT in the domain H t which arc 
SLE 3 observable on the domain H t , and arc constructed from the vector G'/ u |U > will be local martingale 
observables of chordal SLE 3 . Therefore, 6 '/ u |U > is called a generating function of local martingales of 
chordal SLE 3 . 

In general, the scaling limit of the interfaces in Ising model arc related to the scaling limit of correlation 
functions of local operators and fields in the Ising model. We will elaborate on this point in the following 
section. 

5.3. SLE 3 Martingale observables and fermion correlation functions. Let us first describe the martin¬ 
gale observables. It is easy to show that an observable is a local martingale if the drift term in its Ito derivative 
vanishes. The general claim of this paid is that a large collection of SLE 3 martingale observables can be 
constructed systematically by using the rigorously constructed correlation functions of fermionic Fock space 
fields in (J 7 V) theorem. 

In this section, we present an explicit form of some chordal n — SLE :i martingale observables as the 
correlation functions of free fermion fields and descendant fermionic Fock space fields. Furthermore, we 
will see that basic SLE : > martingale observables, i.e. observables obtained from the correlation functions 
of free fermion fields, have an explicit Pfaffian structure. We study the relations between fermionic null 
field differential equation (3.34) and vanishing of the drift term in the Ito formula for the SLE 3 martingale 
observables. 

Let us construct an example of chordal n-SLE 3 martingale observable, see [BBK05]. Consider an opera¬ 
tor of the form O = fl^Li U(!'!4). We claim that a martingale observable of this operator in the domain H t , 

20 



where the 2 n SLE : > curves arc removed from LHI and the tips of the SLE : > curves are 71 , 72 n , is 

(5.15) < O > Ht = ® ® VO ® (V> ® ® V0)> 

^n-SLEz 

where Z^ SLE = ® ••• ® VO * s a partition function of chordal n-SLE 3 in domain ///. In this 

case, the explicit form of the correlation function 72 -W 7 w (C*/® ••• ® VO ® (V’® ••• ® VO) an d the 
partition function arc known as Pfaffian formulas. In the following, we prove the claim that Eq. (5.15) gives 
a local martingale observable of the chordal n-SLE 3 . 

The observable < O > jj, can be transformed to H by using the mapping g t : H t H, as follows, 

(5.16) < O >H t = ® - ® VO ® (V> ® ... ® VO), 

Z n-SLE 3 

,1 

where Z™_ SLEa = E = 9t{li), = 9 t(W k ) and the Jacobian is J t = ni'Li 57 2 (W4). 

Above chordal n-SLE 3 observable is a local martingale if the drift term in the Ito derivative of the ob¬ 
servable vanishes. To show that the drift term vanishes, we need Ito formula for the E(Xl), which is 
<hp(X[ ) = 'tp'(X])dXl + Tj-ip 1 '(Xj)dd, and Loewner equation for gt(W k ) and its derivative with respect 
to W k which lead to. 


(5.17) 


d(ip(wk)w k 2 ) = w[ 2 y~]2 dt 
i 


( Ip'pWk) 
\w k -X} 


\lp{w k ) \ 

(w k -xi) 2 J • 


In addition, we need the null field differential equation for the chordal n-SLE 3 paitition function on H, Eq. 
(5.7), and the following equation for the correlation function of fermions on H, 

(5-18) D Xxi ,..., X2n;wi ,..., Wm ((^ ® - ® ip) ® (V> ® ... ® VO) = 0 , 

where operator D is 


D = 


,3 d 2 
" 4 Ox? 


+ £ 


l^i 


1 


d 


1/2 


(5.19) 


+ E 


[xi-Xidxi (. Xl-Xi ) 2 

1 0 1/2 


“ [w k - Xi dw k (w k - Xi ) 2 

Then, let us write the Ito derivative of the numerator of Eq. (5.16), 


d{JtXx 1 ,...^,W 1 ,...,WnSM ) ® - ® VO ® (V> ® - ® V’))) = 


Jt 


Y^dX}d Xz + Y^dt 

_ i i 


(z 

\Adx 2 


m 


+£ 


1 0 

- Xi dw k 


1/2 


- Xi) 2 \ 


( 5 - 2 °) Xxi,...,X2„;t»i,...,ti> m ((V’ ® - ® VO ® (V> ® - ® VO)- 

Then, by using the null differential Eq. (5.18), the Ito derivative becomes, 

d(JtX? 1) ..,* an ;«, 1) ..,u, m ((V’ ® - ® VO ® (V> ® - ® V’))) 


Jt 





1 


0 


1/2 


I_.xz-a 7 d .17 (x;-xz) 2 J 


(5.21) 


x!?!...((^ ® - ® VO ® (V> ® - ® VO)- 
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As an special case, the above equation implies that, 


(5.22) 


aZj n-SLE 3 


J2dXid Xi -J2^dt IE 


1 d 


1/2 


_xi - Xi dxi (xi - Xi ) 2 

Finally, by using the above equations the Ito derivative of < O > //, becomes, 


Z; 


H 

n-SLEr 


d < o >H t = Jt 


dX't - ( 3d Xi log Zn _ SLE3 + 2 ^2 _ )dt 

X{ X[ 

l^l 


d. 


Xi 


(5-23) (-=gr-® - ® VO ® (V> ® ® VO))- 

Z n-SLE 3 

Thus, we observe that if the process satisfies, 

(5.24) dXl = VSdB l t + (3d Xi log Z^_ SLEs + 2 ]T —^—)dt, 

Xi X[ 

L^i 

then the drift term in Ito formula for < O >u t vanishes and we have, 

(5.25) d < O > Ht = V3Jt J2 dB\d Xi [-gd-® ® fA))]. 

i Z n-SLE 3 

To summarize, we observe that — jjX - w <g> ... (g) i/;) <g) (ip < 8 > ... (g) ?/))), with the 

Z n-SLE 3 71 ’'''’ 72n ’ 1 ’"'’ m 

condition (5.24), is a martingale observable of chordal n-SLE 3 . 

Without explicit calculations, but because of the fact that < v\Gh t \^ > (for any arbitrary < v which 
can be obtained from the action of descendant fields on the < ip\) arc local martingales, we claim that the 
correlation functions of arbitrary Fock space fields can be used to write the following expression as a chordal 
n-SLE;> martingale observable, 

(5-2(5) —£r-A^*...,72nWi,...w m ((V’ ® ® VO ® (vi ® - ® %)), 

Z n-SLE 3 

where ti/s arc arbitrary vectors in Fock space. Moreover, we claim that all the SLE 3 observables obtained 
from the fermionic correlation functions arc reducible to the basic SLE 3 observables by using the general¬ 
ization ofEq. (3.32). 


6. Conclusions 

In this article we have studied a concrete and explicit realization of the CFT/SLE correspondence in the 
case of Ising model. We obtained the correlation functions of free fermionic fields on domain D by taking 
the scaling limit of the lattice correlation functions of the Ising free fermions. These results arc obtained 
by using the rigorous methods of discrete holomorphicity and Riemann boundary value problem introduced 
in [Hon 10a]. We investigated the algebraic and analytic fermionic conformal field theory by studying the 
correlation functions of fermion fields and differential equations that they satisfy such as Ward identity and 
singular vector differential equations. Moreover, we developed the algebraic aspects of the fermionic Fock 
space of states and fermionic vertex operator algebra and especially we found a mapping between the Fock 
space of states and the correlation functions of the fermionic fields which respects the conformal structure 
of the theory. The relation between these results and the probability theory of martingale generators and 
observables in chordal SLE 3 arc studied and we have worked out all these relations explicitly in a concrete 
example of the Ising model. 

A possible direction for further studies is to complete the proof of the (E V) theorem. Furthermore, 
explicit proof of the martingale observable (5.26) remains for future studies. 
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